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Degenerate Singularities in Bifurcations of Networks 
 
 This talk reports joint work with Marty Golubitsky, initiating a systematic 
study of local bifurcation in coupled cell networks. 
 In dynamical systems, bifurcation from a trivial branch of equilibria at a 
simple real eigenvalue can be characterised by a singularity-theoretic normal 
form λx ± xr. The case r = 2 corresponds to transcritical bifurcation and r = 3 to 
pitchfork bifurcation. The exponent r determines the growth rate of the bifurcating 
branches, which grow like λ1/(r-1). In a general dynamical system, a generic 
steady-state local bifurcation from a trivial state is transcritical. If there is 
symmetry, the bifurcation may also be a pitchfork. However, network structure 
introduces constraints that can make the generic behaviour more degenerate. 
 In regular networks, all nodes have the same type and all directed edges 
have the same type, and every cell receives inputs from the same number of 
arrows (the valency). Such a network is completely specified by its adjacency 
matrix, which has all row-sums equal. We give conditions on the adjacency 
matrix that determine when a generic steady-state local bifurcation from a trivial 
(that is, synchronised) state is transcritical, pitchfork, or more degenerate.  
 In some networks, r may be greater than 3 for all dynamical systems with 
that architecture. For instance, there exists a 4-cell network of valency 736 for 
which steady-state bifurcation always has r ≥ 4, a 5-cell network of valency 84 
with r ≥ 5, and a 6-cell network of valency 885920 with r ≥ 6. 
 These examples are not path-connected. However, there is a path-
connected 5-cell network of valency 176, and an all-to-all connected 5-cell 
network of valency 6273504, with r ≥ 4. On the other hand, for all regular 
networks, synchrony-breaking steady-state bifurcation at a simple eigenvalue 
generically has r ≤ n when there are n cells, and n-1 in the path-connected case. 
 


